INTRODUCTION
Elastic-wave scattering from various types of cavities and inclusions has been studied theoretically with special emphasis on surface wave effects that appear during the scattering process. Resonances in the scattering amplitudes are caused by the phase matching of circumnavigating surface waves, and manifest themselves as poles in the complex frequency plane that correspond to the (complex) eigenfrequencies of the cavity of inclusion. These results are most easily obtained for scatterers of separable geometry, such as spheres, where theoretical amplitudes are well-known. Here, the formalism for a complete treatment of elasticwave scattering from infinite cylindrical cavities and solid inclusions has been worked out for general oblique * Supported by the U.S. Army Research Office under Grant No. DAAG 29-8l-GOOl6. ** Supported by the Organization of American States. + Supported in part by the Office of Naval Research.
incidence. Poles of scattering amplitudes have been found for evacuated and for fluid-filled cylinders, and have been physically interpreted in terms of helical surface waves propagating both interior and exterior to the cylinder. Dispersion, attenuation, and refraction of these surface waves have been obtained. Progressing to more generally-shaped obstacles, we have studied surface waves and complex-frequency poles for finitelength cylindrical cavities with flat ends. In this fashion, the resonance features(particularly the cavity eigenfrequencies) that appear prominently in the scattering amplitude can be understood as to their physical origin and their dependence on the type of cavity, and may be exploited for purposes of classification and identification of flaws by their ultrasonic resonances (ultrasonic "resonance spectroscopy").
CAVITY RESONANCES
There exists in general two types of resonances in cavities or inclusions, both caused physically by the phase matching ofls~rface waves during their multiple circumnavigations -. For the case of an empty cavity or a rigid inclusion, both constituting an impenetrable scattering object for elastic waves, only the first type, that of "external resonances" is present, generated by external circumferentially propagating surface waves which are strongly attenuated. For fluid-filled cavities or solid elastic inclusions, there appear in addition "internal resonances" caused by internally propagating surface waves, which often are weakly attenuated. The corresponding resonance frequencies are comp~x, and are located in the lower half of the complex frequency plane: those of external resonances far from the real axis; those of internal resonances close to the real axis, with small imaginary parts giving rise to prominent, narrow resonances with little damping. Mathematically, the resonances are furnished by poles in the amplitude of elastic waves scattered by the cavity or inclusion; plots of pole locations in the complex frequency plane were previously introduced by the socalled "Singularity Expans'ion Method" (SEM) in radar scatteringS,.
GENERAL THEORY OF SCATTERING FROM INFINITE CYLINDRICAL INCLUSIONS
The appearance of poles in the scattering amplitude is here illustrated by a calculation of elastic-wave scattering from an infinite-cylindrical inclusion for the case of oblique incidence, generalizing the theory of White 6 , 7 . Figure We also designate ( Fig. 1) p, = k , sin $1"
where i = 1,2,1,11, and ki are the corresponding propagation constants. The cylindrical expansion of an incident plane P-wave
is written in compact notation as indicated. Similarly, transmitted and reflected P-waves are written as is, for X = 0, referred to as SH wave, and for X=1T /2 as SV wave. We write the scattered S-wave as
where the potentials to a linear system of six equations for R n , Tn' An' B n , Fn and Gn . Their solution, by Cramer's rule, consists of a ratio of two 6 x 6 determinants, the determinant On of the system being in the denominator. Equating it to zero constitutes the "characteristic equation" for the complex eigenfrequencies, and furnishes at the same time the poles of the scattering amplitude.
SPECIAL CASES Rigid Inclusion in a Solid
For the case of the normal incidence on a rigid cylindrical inclusion, On reduces to a 2 x 2 determinant. Solving the characteristic equations numerically using the Newton-Raphson method, we obtain the pole pattern shown in Fig. 2 , for a cylinder in aluminum.
The poles are the same for P or S-waves since the same On appears in the scattering amplitude. Physically, this is clear since the eigenfrequencies are intrinsic properties of the scatterer, depending on its shape and composition but not on the mode of excitation. Conventionally5, plots such as Fig. 2 were grouped by mode number n, shown by long-dashed (P) or dotted (S) curves. However, the poles appear in layers, drawn solid (P) or short-dashed (S), which each belong to a characteristic lP ~S type) circumferential surface wave, that was shownl to resonate by phase matching after each circumnavigation (with n wavelengths spanning the circumference of the cylinder), thus producing the sequence of poles along the layer. "Solitary" pole layers also appear in the left-half plane of the frequency plane. 
Empty Cavity in a Solid
For a normal incidence on an empty cavity, Dn is again a 2x2 determinant.
Its complex roots are shown in Fig. 3 which presents a pole pattern similar to Fig. 2 . Comparison of the figures demonstrates that a characteristic pole pattern may be usable for determining material properties of the scattering object (here: rigid or soft), hence constituting a generalized "ulSrasonic spectrum" suitable for ultrasonic spectroscopy ,9. As in Fig. 2 , one sees that all the pole layers have rather large imaginary parts, the corresponding external surface waves being thus strongly attenuated (and their resonances broad). The least damped S-wave layer in Fig. 3 can be identified with a Rayleigh-type surface wave lO , while the remaining surface waves are of Franz type lO .
Fluid Filled Cavity in Fluid
This simplified case (a fluid as external medium) will be used for discussing non-normal incidence on a cylinder. Calling q2a = x, one finds a scattering coefficient Rn in Eq. (4b) which for the case of a very rarefied internal fluid (quoted here for illustration purposes) simplifies to (6) The SEM poles in the scattering amplitude stem from the roots of ,.
Hn (x) 0,
numerically close to the open circles in Fig. 3 . Alternately, the roots in the index v of 
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SURFACE WAVES ON A FINITE-LENGTH CYLINDER
On a finite-length cylinder, the helical surface waves propagate back and forth, being reflected from the flat ends on either side. Their orbits are determined ll by the resonance conditions of (a) an integer number m of azimuthal wavelengths spanning the circumference, and (b) a half-integer number j of axial wavelengths spanning the length of the cylinder. The resonance conditions then lead to a discrete number of allowed pitch angles (lOc) Figure 5 shows dispersion curves of helical internal surface waves for a cylinder with L = 2a, belonging to pitch angles a. = 'II" /2 -~mj as indicated. The points on the curves correspond to the resonance frequencies.
The preceeding examples demonstrate that complex resonance frequencies of cavities and inclusions with a variety of shapes and compositions may not only be obtained numerically, but may also be interpreted physically, hence facilitating the use of resonance scattering methods for purposes of ultrasonic target identification. 
